Introduction Simply connected homogeneous Riemannian manifolds with negative sectional curvature are closely connected with nilpotent Lie algebras, and if the sectional curvature is normalized to satisfy the inequalities − 4 ≤ K ≤ −1 (quarter pinched), then the connection is with 2-step nilpotent Lie algebras. In particular, any 2-step nilpotent Lie algebra N gives rise to a homogeneous Riemannian manifold whose sectional curvature is negative and quarter pinched. See section 0 for details.
Let p ≥ 1 and q ≥ 2 be integers and let N(p,q) denote the space of all 2-step nilpotent Lie algebras N such that the commutator ideal [N , N] has dimension p and codimension q. The space N(p,q) admits a C ∞ manifold structure and is a fiber bundle over the Grassmann manifold G(p,p+q) of p-dimensional subspaces of Â p+q . The group GL(p+q,Â) acts in a natural way on N(p,q), and each orbit is an isomorphism class inN(p,q).
In this article we study X(p,q) = N(p,q) / GL(p+q,Â), the space of isomorphism classes in N(p,q). We show that X(p,q) with the quotient topology is homeomorphic to the compact, connected quotient space G(p, so(q,Â)) / SL(q,Â), where SL(q,Â) acts on so(q,Â) and the associated Grassmann manifold G(p, so(q,Â)) by g(Z) = gZg t for Z ∈ so(q,Â) and g ∈ SL(q,Â). It follows immediately that X(p,q) is homeomorphic to X(D−p,q), where D = dim so(q,Â) = (1/2)q(q−1) (duality).
For each (p,q) we compute the dimension of X(p,q) = G(p, so(q,Â)) / SL(q,Â), which is defined to be the minimum codimension of an SL(q,Â) orbit in G(p, so (q,Â) ).
We reduce the problem to computing the integer cd(p,q), which is defined to be the minimum codimension of sl (q,Ç)·sl(p,Ç) acting on V(p,q) = Hom (so(q,Ç)*,Ç p ) §
so(q,Ç)⊗Ç
p . The action is that induced by the standard action of sl(p,Ç) on Ç p and the action of sl(q,Ç) on so (q,Ç) given by X(Z) = XZ + ZX t for all X ∈ sl(q,Ç) and all Z ∈ so(q,Ç). For p ≥ 3 very few of the integers d' p,q are nonzero, and work of Elashvili [El] allows one to compute the nonzero integers d' p,q , where p ≥1 and q ≥ 2. See also Tables 2a, 2b of [KL] , which add the case d' 3, 6 = 1 to the list of [El] .
We show that dim X(p,q) = 0 if cd(p,q) = 0 or 1. More generally, if cd(p,q) ≥ 1 then dim X(p,q) = cd(p,q) −1.
In particular we find that X(p,q) has dimension zero precisely for the following pairs (p,q) and their dual pairs (D−p,q) :
1) (1, q) and (D−1, q), q ≥ 2 2) (2, 2k+1) and (D−2, 2k+1) k ≥1
3) (D,q) , q ≥ 2 (free on q generators) 4) (2, 4) and (4, 4) 5) (2, 6) and (13, 6) 6) (3, 4) (self dual) 7) (3, 5) and (7, 5) 8) (4, 5) and (6, 5).
The first four examples are well known.
To complete the description, dim X(3,6) = dim X(12,6) = 2, dim X(2, 2k) = dim X(2k 2 −k−2,2k) = k−3 for k ≥ 4 and dim X(p,q) = p(D−p)+1− q 2 > 0 for all remaining cases.
Remark (Scarcity of lattices) Let N be a nilpotent Lie algebra with k ≥ 2 steps, and let N denote the unique simply connected nilpotent Lie group with Lie algebra N. A discrete subgroup Γ of N is said to be a lattice if the quotient space Γ \ N is compact. A well known criterion of Mal'cev says that N admits a lattice Γ ⇔ N admits a basis B with rational structure constants. Specializing to the case that N is 2-step nilpotent, it follows that for each pair of integers (p,q) with p ≥ 1 and q ≥ 2 there are at most countably many isomorphism classes in X(p,q) that admit rational structures. In particular, if dim X(p,q) > 0, then for all but countably many elements of X(p,q) the corresponding simply connected Lie groups N will fail to admit lattices.
Note that if p ≥ 3, then ( p 2 − 1) > 0 and the formula above for cd (p,q) shows that there exists a positive integer q o , depending on p, such that dim X(p,q) > 0 for all q ≥ q o .
I would like to thank P. Belkale, R. Bryant, J. Damon, P. Etingof, A. Kable, F. Knop and S. Kumar for helpful conversations and communications. I am especially grateful to A.
Kable for bringing the paper [El] to my attention.
Section 0 Connection between negative curvature and nilpotent Lie algebras
The horospheres of a Riemannian symmetric space X with variable quarter pinched negative curvature are isometric to certain 2-step nilpotent Lie groups N with a left invariant metric. The space X itself is isometric to a solvable subgroup S of isometries equipped with a left invariant metric, and N is the commutator subgroup [S,S] of codimension 1 in S. The
Lie algebra S of S with the inherited inner product < , > admits a unit element A orthogonal to the Lie algebra N of N such that ad A = 2Id on the center Z of N and ad A = Id on Z -, the orthogonal complement of Z in N.
If KAN is an Iwasawa decomposition of G = I o (X), then the solvable group S = AN has the properties listed above, but the isomorphism type of S is not uniquely determined by these properties ( [AW] , Lemma 4.2).
The metric Lie algebra {N, < , >} has further strong geometric properties that make it a Lie algebra of Heisenberg type. See [K1, 2] or [BTV] for futher details.
More generally, Heintze showed in [H] that a homogeneous Riemannian manifold with strictly negative sectional curvature is isometric to a solvable Lie group S with a left invariant metric such that N = [S, S] is a codimension 1 nilpotent ideal in S. In addition S admits a unit element A orthogonal to N such that ad A has eigenvalues in N with positive real parts. Conversely, Heintze also showed in [H] that if N is a nilpotent Lie algebra that admits a derivation D whose eigenvalues have positive real parts, then S = Â·N admits a solvable Lie algebra structure such that ad 1 = D and an inner product < , > such that the corresponding simply connected solvable Lie group S with left invariant metric < , > has strictly negative sectional curvature.
In [EH] the method of Heintze was adapted to study homogeneous Riemannian manifolds with strictly negative and quarter pinched sectional curvature. A solvable Lie algebra S is said to be a QP-algebra if 1) The commutator ideal N = [S , S] has codimension 1 in S and 2) There exists a nonzero vector A in S such that a) S = < A >·N b) The derivation ad A of N has eigenvalues whose real parts lie in [1, 2] . c) If Re λ = 1 or 2 for an eigenvalue λ of ad A, then ad A = λId on N λ Ç = {ξ ∈ N Ç :
(ad A − λId) n (ξ) = 0 for some positive integer n}.
In [EH] it was shown that a simply connected solvable Lie group S admits a left invariant Riemannian metric with sectional curvature satisfying − 4 ≤ K ≤ −1 ⇔ the Lie algebra S is a QP-algebra. The simplest QP-algebras arise from 2-step nilpotent Lie algebras N. Let N denote a 2-step nilpotent Lie algebra with center Z and let ◊ be a subspace of N such that N = ◊·Z. Let D be the derivation of N such that D = Id on ◊ and D = 2 Id on Z.
Let S = Â·N be given the solvable Lie algebra structure such that ad 1 = D on N. Then S is clearly a QP-algebra.
Section 1
Basic framework for studying 2-step nilpotent structures on Â Â Â Â n
Definitions and notation
Let V,W be finite dimensional real vector spaces, and let T : V x V → W be an alternating bilinear map. Recall that there exists a unique linear map T : Λ ρ is defined to be the subspace Z(ρ).
Notation
Let N 2 (n) denote the set of all 2-step nilpotent structures on Â n .
Action of GL(n,Â Â Â Â) on N N N N 2 (n)
For every g ∈ G = GL(n,Â) and every ρ ∈ N 2 (n) let be gρ ∈ N 2 (n) be defined by (gρ) (ξ) = g(ρ(g The action of G = GL(n,Â) on N 2 (n) is a left action, and the orbit G(ρ) is the set of 2-step nilpotent structures in N 2 (n) that are Lie algebra isomorphic to ρ. The group G ρ = {g ∈ G : gρ = ρ} is the automorphism group of the the Lie algebra ρ.
Abelian and nonabelian factors
It is useful to observe that one may always split off an abelian Lie algebra ‰ from a 2-step nilpotent Lie algebra N and thereby reduce consideration to the case that [N,N] = Z, the center of N. We call the ideals ‰ and N* in the proposition below the abelian and nonabelian factors of the 2-step nilpotent Lie algebra N.
Proposition
Let N be a 2-step nilpotent Lie algebra with center Z. 3) The ideals N* and ‰ are uniquely determined up to isomorphism by 1).
Proof
We begin by proving 3 To prove the existence of N* and ‰ we choose ‰ to be any subspace of Z such that Z = [N,N]·‰. Let ◊ be a subspace of N such that N = ◊·Z. If N* = ◊·[N,N], then it is easy to check that N* and ‰ satisfy 1) and 2). Finally, 4) is an immediate consequence of 1).
Section 2 Free 2-step nilpotent Lie algebras
We define and discuss some important examples that can be regarded as universal covers in the collection of all 2-step nilpotent Lie algebras. See assertion 2) of proposition 2.2a.
Definition
A 2-step nilpotent Lie algebra N is said to be free on q ≥ 2 generators if there exists a generating set {x 1 , ... , x q } for N with the following property : (#) Let N* be any 2-step nilpotent Lie algebra, and let {x 1 *, ... , x q *} be any subset of q elements in N*. Then there exists a unique Lie algebra homomorphism T : N → N* such that T(x i ) = x i * for 1 ≤ i ≤ q.
A generating set {x 1 , ... , x q } of the type above will be called an admissible generating set for the free 2-step nilpotent Lie algebra N.
Basic results
We list some basic results about free 2-step nilpotent Lie algebras on q generators and for each integer q ≥ 2 we construct two models of such Lie algebras. Proofs of these results are given in Appendix 2 if they are not included in this section.
Let FN 2 (q) denote the collection of all 2-step nilpotent Lie algebras on q generators. We show next that the elements of FN 2 (q) are all isomorphic and have dimension (1/2)q(q+1). Equivalently, the group GL(N,Â) acts transitively on FN 2 (q),
where N = (1/2)q(q+1). In section 4 (Proposition 4.2b) we show that FN 2 (q) has the structure of a smooth manifold that is also a fiber bundle over a Grassmann manifold. The manifold FN 2 (q) has two connected components, which are the orbits of the index two subgroup GL(N,Â) + .
2.2a Proposition
1) For every integer q ≥ 2 there exists a free 2-step nilpotent Lie algebra N on q generators, and N is unique up to Lie algebra isomorphism. Moreover, dim N = (1/2)q(q+1).
2) Let N* be a 2-step nilpotent Lie algebra such that dim N* / [N*, N*] ≤ q. Then N* is the homomorphic image of a free 2-step nilpotent Lie algebra on q generators. Remark The proof of this result will show that a 2-step nilpotent Lie algebra N* has a generating set with r = dim N* / [N*, N*] elements, and every generating set for N* has at least r elements.
2.2b Proposition
Let q ≥ 2 be an integer, and let N be a free 2-step nilpotent Lie algebra on q generators. 1) Any generating set for N contains at least q elements. Any generating set for N with exactly q elements is admissible.
2) If {x 1 , ... , x q } and {x 1 *, ... , x q *} are any two generating sets for N with q elements, then there exists a unique Lie algebra isomorphism T : N → N such that T(x i ) = x i * for 1 ≤ i ≤ q.
2.2c Proposition
Let q ≥ 2 be an integer, and let N be a free 2-step nilpotent Lie algebra on q generators. Let Z denote the center of N. Then 1) [N , N] = Z has dimension (1/2)q(q−1).
2) If {x 1 , ... , x q } is any generating set for N with q elements, then {[x i , x j ] : 1 ≤ i < j ≤ q} is a basis for Z.
2.2d Proposition (Homomorphism lifting property) Let N and N' be 2-step nilpotent
Lie algebras with generating sets of at most q elements. Let F 2 (q) be a free 2-step nilpotent Lie algebra with q generators, and choose surjective homomorphisms ρ : F 2 (q) → N and
is a Lie algebra homomorphism, then 1) There exists a Lie algebra homomorphism T : F 2 (q) → F 2 (q) such that ρ' ο T = T ο ρ.
2) If T is an isomorphism and q
Lie algebra homomorphism T from 1) is an isomorphism.
Other characterizations of free 2-step nilpotent Lie algebras
If [ , ] is a 2-step nilpotent structure on Â n associated to ρ ∈ Hom (Λ 2 (Â n ), Â n ), then since Im ρ ⊆ Z, the center of Â n , we may define an alternating bilinear map [ , ] ' :
for all x,y ∈ Â n . Let ρ' : Λ 2 (Â n / Im ρ) → Im ρ be the unique linear map such that
The map ρ' is obviously surjective, but ρ' is injective only under special circumstances.
2.2e Proposition
Let ρ ∈ Hom (Λ 2 (Â n ), Â n ) be a 2-step nilpotent Lie algebra structure on Â n , and let ρ' : Λ 2 (Â n / Im ρ) → Im ρ be the associated surjective linear map. Then ρ' is an isomorphism ⇔ {Â n , ρ} is a free 2-step nilpotent Lie algebra on q = n − dim (Im ρ)
generators. In this case n = (1/2)q(q+1).
2.2f Corollary
Let ρ ∈ Hom (Λ 2 (Â n ), Â n ) be a 2-step nilpotent Lie algebra structure on Â n and let p = dim Im ρ. If q = n−p and D = (1/2)q(q−1), then p ≤ D with equality ⇔ {Â n , ρ} is a free 2-step nilpotent Lie algebra on q generators.
, and hence p = dim Im ρ ≤ dim Λ 2 (Â n / Im ρ) = D. Equality holds ⇔ ρ' is injective, but by Proposition 2.2e ρ' is injective ⇔ {Â n , ρ} is a free 2-step nilpotent Lie algebra on q generators.
ae
The next result is a restatement of part of Proposition 4.2b.
2.2g Proposition
For any integer q ≥ 2 the set FN 2 (q) has the structure of a smooth manifold of dimension (1/4)q 2 (q 2 −1) with two connected components. Moreover, FN 2 (q) is a fiber bundle over G(D,n), where D = (1/2)q(q−1) and n = (1/2)q(q+1).
Existence of a free 2-step nilpotent Lie algebra on q generators
Let q ≥ 2 be given and let D = (1/2)q(q−1). We construct two models of a free 2-step nilpotent Lie algebra on q generators, and we define an explicit isomorphism between them. In Appendix 2, in the proof of Proposition 2.2a, we show that the first model is a free 2-step nilpotent Lie algebra on q generators. 
Model 1
given by F(v,ξ) = (v,T(ξ)), then it is easy to check that F is a Lie algebra isomorphism. Conversely, given (g, S) ∈ GL(q,Â) x Hom (Â q , so(q,Â)) there is a unique automorphism ƒ of F 2 (q)* that satisfies a) and b).
In particular Aut (F 2 (q)*) is a closed Lie subgroup of GL((F 2 (q)*)) of dimension q 2 + qD, where D = (1/2)q(q−1).
Remark If we define g(Z) = gZg t for Z ∈ so(q,Â), then we obtain a left action of GL(q,Â) on so(q,Â). The set GL(q,Â) x Hom (Â q , so(q,Â)) becomes a group with unit Since ƒ is a Lie algebra homomorphism we obtain ƒ( 
It follows that Z* = 0 , which implies that α k = 0 for all k. 
From the definition of g and the structure matrices {C 1 , ... , C p } another computation yields
Comparing (1) and (2) yields We describe a simple family of 2-step nilpotent Lie algebras that come equipped with an inner product. We show that every 2-step nilpotent Lie algebra is isomorphic to one of the elements in this family. We have seen already in (2.4) that F 2
belongs to this family.
3.2a Definition
Let so(q,Â) denote the real q x q skew symmetric matrices. Let p be an integer with 1 ≤ p ≤ D = (1/2)q(q−1), and let W be a p-dimensional subspace of so (q,Â) . Let N denote the vector space Â q ·W, where the elements of Â q are regarded as column vectors.
Fix an inner product < , >* on Â q , and let < , > be the canonical inner product on so (q,Â) given by < Z, Z* > = − trace (ZZ*). Let < , > also denote the inner product on N= Â q ·W which extends the inner products on the subspaces Â q and W and which makes these subspaces orthogonal. Let [ , ] denote the 2-step nilpotent Lie algebra structure on N such that W lies in the center of N, and < [v,w] , Z > = < Zv, w >* for all v,w ∈ Â q and all Z ∈ so(q,Â 
3.2b Prescribing structure constants
Proposition Let p be an integer with 1 ≤ p ≤ D = (1/2)q(q−1). Let {e 1 , ... , e q } denote the natural basis of Â q . Let W be a p-dimensional subspace of so(q,Â), and let N = Â q ·W be the corresponding standard metric 2-step nilpotent Lie algebra. 
Reduction to standard form
The next result is Proposition 2.6 from [Eb] , but we include the proof here for completeness. 
Proposition
E αβ is the q x q matrix with 1 in position (α, β) and zeros elsewhere, Then
q a ij Z ij , and we
Isomorphism classes
Let N be a 2-step nilpotent Lie algebra of dimension p+q such that [N, N] has dimension p ≥ 1. In (3.4) we saw that N is isomorphic to F 2 (q)* / W, where F 2 (q)* = Â q ·so(q,Â), W is a (D−p)-dimensional subspace of so(q,Â) and D = (1/2)q(q−1). We now state a criterion for determining when two such quotients are isomorphic as Lie algebras. We suppose first that there exists an element g of GL(q,Â) such that g(W 1 ) = W 2 .
3.5a Proposition
By (2.5) there exist inverse automorphisms T and S of F 2 (q)* such that T = g and S = g there exist Lie algebra homomorphisms T : N 1 → N 2 and S :
proves that S ο T is the identity on N 1
. A similar argument shows that T ο S is the identity on N 2 , which proves that S and T are inverse isomorphisms. It suffices to prove that T is an automorphism of F 2 (q)*. From (2.5) it will then follow that there exists g ∈ GL(q,Â) such that T(Z) = g(Z) = gZg t for all Z ∈ so(q,Â). In
To prove that T is an automorphism of F 2 (q)* it suffices by 2) of Proposition 2.2d
⊆ so(q,Â), which proves that ξ ∈ so(q,Â) and
] is surjective, and Ker (π i (n) that have the structure of a real algebraic variety or the structure of a smooth manifold that fibers over a Grassmann manifold.
We make the statements above more precise by defining the strata and some of their qualitative properties. We postpone the proofs of these statements until section 6.
Varieties of 2-step nilpotent structures
In this section p,q n will always denote positive integers.
4.1a Proposition
Let N 2 (n) denote the space of 2-step nilpotent structures on Â n . Then N 2 (n) is an algebraic variety in Hom (Λ 2 (Â n ),Â n ) that is invariant under GL(n,Â).
4.1b Proposition
Let Z 2 (p,q) = {ρ ∈ N 2 (p+q) : dim Z(ρ) ≥ p}. Then Z 2 (p,q) is an algebraic variety in Hom (Λ 2 (Â p+q ),Â p+q ) that is invariant under GL(p+q,Â).
4.1c Proposition
Let R 2 (p,q) = {ρ ∈ N 2 (p+q) : rank(ρ) ≤ p}. Then R 2 (p,q) is an algebraic variety in Hom (Λ 2 (Â p+q ),Â p+q ) that is invariant under GL(p+q,Â).
Manifolds of 2-step nilpotent structures Notation
We standardize some notation that will be used in the discussion of the next three results. Let G(k,n) denote the Grassmann manifold of k-dimensional subspaces of Â n . Let p ≥1 and q ≥ 2 be integers and let D = (1/2)q(q−1). Let U be the vector space so(q,Â) x ...
x so(q,Â) (p times). Recall that FN 2 (q) denotes the set of 2-step nilpotent Lie algebra structures on Â D+q = Â
(1/2)q(q+1) that are free on q generators.
The next three results describe a stratification of N 2 (p+q) into strata that are smooth manifolds that fiber over a Grassmann manifold. These strata are Zariski open subsets of the varieties above and are also invariant under the action of GL(p+q,Â).
4.2a Proposition
Let p ≥ 2 and q ≥ 2. Let Z 2 0 (p,q) = {ρ ∈ N 2 (p+q) : dim Z(ρ) = p}. Then Z 2 0 (p,q) is a connected smooth manifold of dimension pq + pD and a fiber bundle over G(p,p+q). Moreover, Z 2 0 (p,q) is a Zariski open subset of Z 2 (p,q).
4.2b Proposition
is a smooth manifold of dimension pq + pD and a fiber bundle over G(p,p+q).
(q), and N(p,q) has two connected components. 
4.2c Proposition
Let 2 ≤ p ≤ D and q ≥ 3. Let N o (p,q) = N(p,q) ∩ Z 2 0 (p,q) = {ρ ∈ N 2 (p+q) : Im(ρ) = Z(ρ) ∈ G(p,p+q)}. Then N o (p,o (p,q) is connected if p ≠ D. If p = D, then N o (p,q) = FN 2 (q).
Remark
The restriction 2 ≤ p ≤ D and q ≥ 3 is inessential. We observed already in Proposition 2.2f or the corollary in (3.3) that p ≤ D always holds. If q = 2, then D=1 and p = 1, which is the 3-dimensional Heisenberg Lie algebra and also the free 2-step nilpotent Lie algebra on two generators.
Section 5
Duality and isomorphism classes
Duality
If < , > is the natural inner product on so(q,Â) given by < Z, Z* > = − trace (ZZ*), then the map
Given W ∈ G(p, so(q,Â)) and g ∈ SL(q,Â) it is routine to check that if g(W) = W*, then
, Hence the map
. We call this involutive process duality. For an application of duality see b) of the next result.
The space of isomorphism classes
If X denotes any of the spaces considered in section 4, then the quotient space X / G is the space of isomorphism classes in X, where G = GL(n,Â) if X = N 2 (n) and G = GL(p+q,Â) if X is any of the spaces described by pairs of positive integers p,q. Each of the spaces X has a metric space topology since X is a subset of the Euclidean space
, where n = p+q in the second case.
It would be interesting to determine the topology of these isomorphism classes X / G. In this article we consider only the questions of compactness and dimension. For compactness it suffices to consider sequential compactness, which is an equivalent property in a metric space. The main result is the following
and N(p,q) / GL(p+q,Â) are compact in the quotient topology. Moreover, a) The space X(p,q) = N(p,q) / GL(p+q,Â) is homeomorphic to 
By the discussion of duality in (5.1) the map
Note that the GL(q,Â) orbits and the SL(q,Â) orbits in G(D−p, so(q,Â)) or G(p, so(q,Â)) are the same.
Hence we obtain a map f : N(p,q) / GL(p+q,Â) → G(p, so(q,Â)) / SL(q,Â) in which the isomorphism class of an element N in N(p,q) is mapped to the orbit so(q,Â) ), where W is any subspace of dimension D−p in so (q,Â) such that N is isomorphic to F 2 (q)* / W. Proposition 3.5a and duality say that the map f is We collect some useful facts about the stabilizers of G acting on finite dimensional real vector spaces U and the associated actions of G on the Grassmann manifolds G(p,U), We may regard U as a subspace of Hom (G,U) by defining u(X) = X(u) for all u ∈ U and X ∈ G. For u ∈ U let G u = {g ∈ G : g(u) = u}, and let G u For u ∈ U the orbit G(u) is diffeomorphic to the coset space G / G u , and hence dim
We have proved Proposition Let G be a Lie group, and let ρ : G → GL(U) be a representation of G on a real vector space U of dimension N. Let r = min {dim G u : u ∈ U}, and let O = {u ∈ U : 
5.3c
Reduction from the real to the complex case
In computing the minimum dimension of a stabilizer of a real Lie algebra G acting on a real vector space U it is convenient to reduce consideration to the associated complex To show this and to compute the integer r we may reduce to the linear case of (5.3a) by a well known method that we describe now, following [El] .
Fix an integer p with 1 ≤ p ≤ dim U − 1. Note first that G acts on U* by g(u*)(u) = u*(g −1 u) for all g ∈ G, u ∈ U and u* ∈ U*. Hence H = G x GL(p,Â) acts on Hom (U*, Â p ) § U⊗Â p by (g,t)(ƒ) = t ο ƒ ο g 
, where H = G x GL(p, Â).
2) The codimension of the orbit H(ƒ) in Hom (U*, Â p ) equals the codimension of the orbit G(ψ(ƒ)) in G(p,U).
3) Let r = min {dim G W :
is a dense open subset of G(p,U) that contains ψ(C).
Proof 1) The condition (g,t)(ƒ) = ƒ is equivalent to the condition (*) ƒ ο g = t ο ƒ , which implies that g (Ker ƒ) = Ker ƒ and g (Ker ƒ -) = Ker ƒ -. Hence if (g,t) ∈ H ƒ , then g ∈ G ψ(ƒ) .
If ƒ ∈ C ⊆ A, then ƒ : U* → Â p is surjective and the condition (*) uniquely determines t if g and ƒ are given. Hence the map T : H ƒ
is given, where W = ψ(ƒ) = Ker ƒ -, then g(Ker ƒ) = Ker ƒ and there is a unique element t ∈ GL(p,Â) such that (*) holds.
This proves that T : H
2) By 1) and the fact that C ⊆ B there is an integer d ≥ 0 such that dim H
for all ƒ ∈ C . 
Dimension of the moduli space X(p,q)
The space X(p,q) = N(p,q) / GL(p+q,Â) is the space of isomorphism classes of 2-step nilpotent Lie algebras N with dimension p+q such that [N, N] has dimension p ≥1. In (5.2) we saw that N(p,q) / GL(p+q,Â) is homeomorphic to G(p, so(q,Â)) / SL(q,Â). In this section we use the results of (5.3) and [El] to determine the minimal codimension of an orbit of SL(q,Â) in G(p, so(q,Â)). See also Tables 2a,2b in [KL] .
For integers p ≥1 and q ≥ 2 let d p,q = min {dim SL(q,Â) W : W ∈ G(p, so(q,Â))}.
, and it follows that the minimum codimension of an SL(q,Â) orbit in
It remains only to determine the dimension d p,q of a generic SL(q,Â) stabilizer in
G(p, so(q,Â)).
Remark By the discussion of duality in (5.1) it is evident that d p,q = d D−p,q for all positive integers p,q, where 2 ≤ q and 1 ≤ p ≤ D = (1/2)q(q−1).
5.4a Local rigidity
An element ρ of N(p,q) is said to be locally rigid if there exists a neighborhood U of ρ in N(p,q) such that every 2-step nilpotent structure ρ' for Â p+q that lies in U is isomorphic to ρ. If we express ρ isomorphically as a quotient Corollary If X(p,q) has dimension zero, then either p = 1, q ≥ 2 or p = 2, q ≥ 2 or p ≥ 3 and (p,q) satisfies one of the five cases of the Proposition.
5.4b A necessary condition for X(p,q) to have dimension zero
If G = SL(q,Â) has an open orbit in G(p, so(Â)), then q 2 − 1 = dim G ≥ dim G(p, so(Â)) = p(D−p
Remarks

1)
We shall see shortly that X(p,q) has dimension zero in all of the cases listed in the corollary except for the case (p,q) = (2,2k) where k ≥ 4. In this case dim X(2,2k) = k−3.
2) The duality between p and D−p expressed in the fact d p,q = d D−p,q is seen again in cases 4) and 5) of the proposition. Case 3) is self dual. We assume now that k = D−p ≥ 3. 
Proof of the Proposition
Note that so(q,Ç) is an irreducible sl(q,Ç)-module relative to the standard action of SL(q,Ç) on so(q,Ç) given by g(Z) = gZg t for g ∈ SL(q,Ç) and Z ∈ so(q,Ç). Since Ç p is an irreducible module for sl (p,Ç) 
Next, following [El] Table 6 in [El] shows that these are the only cases where a generic stabilizer of Table 6 of [El] and Tables 2a,2b of [KL] . We use the reduction from the case that Table 1 Proposition Let p,q be positive integers with 1
sl(q,Ç)·sl(p,Ç)
(4, 4) 7 6) (3, 4) self dual 6 7) (3, 5) 3 Spaces X(p,q) with dimension zero Table 2 Proposition A The space X(p,q) has dimension zero in precisely the following cases : Table 1 or Table 2, then the space X(p,q) has dimension p(D−p) + 1 − q 2 > 0. The dual spaces X(3,6) and X(12,6) have dimension 2. The dual spaces X(2,2k) and X(2k
Proof of Proposition A If N is a 2-step nilpotent Lie algebra such that [N , N] has dimension p and codimension q, then we showed in Proposition 2.2f or the corollary in (3.3) that p ≤ D with equality ⇔ N is a free 2-step nilpotent Lie algebra on q generators.
We saw in Proposition 2.2a that a free 2-step nilpotent Lie algebra on q ≥ 2 generators is unique up to isomorphism. Hence X(D,q) is a point, and in particular it has dimension zero.
We have reduced our consideration to the case that D ≥ p+1. With this restriction all spaces X(p,q) that are candidates to have dimension zero are listed in the proposition of (5.4b). For these candidates we use the proposition in (5.4c) and Table 1 to compute dim
We observed in (3.6) that X(1,q) has dimension zero for q ≥ 2. It is well known that X(2, 2k+1) has dimension zero for k ≥ 1, and one can deduce this also from the value of d' 2,2k+1 that arises from Table 6 of [El] , or Tables 2a and 2b of [KL] .
We consider now the cases (2,2k), k ≥ 2. From Table 1 it is routine to compute in the case (p,q) = (2, 4) that a generic orbit of sl(4,Ç)·sl(2,Ç) in Hom (so(4,Ç)*, Ç
2 ) has codimension one. Hence X(2, 4) and its dual X(4, 4) have dimension zero by Lemma B in (5.3d) or the Proposition in (5.4c). From Table 1 we verify in all of these cases that a generic orbit of sl(q,Ç)·sl(p,Ç) in Hom (so(q,Ç)*, Ç p ) has codimension one. Hence either Lemma B of (5.3d) or the Proposition in (5.4c) shows that the spaces X(3, 4), X(3, 5), X(4, 5) and their dual spaces X(7, 5), X(6, 5) all have dimension zero.
This completes the verification of Table 2 and Proposition A.
Proof of proposition B If (p,q) = (2,2k) for k ≥ 4, then dim X(2,2k) = k−3 by the discussion above in the proof of Proposition A. If (p,q) = (3,6), then cd(3,6) = 3 since d' 3, 6 = 1 by Table 1 . By the Proposition in (5.4c) we obtain dim X(3,6) = cd(3,6) − 1 = 2.
If (p,q) is not listed in Table 1 , then d' p,q = 0. If (p,q) is also not listed in Table 2 , then dim X(p,q) > 0 and cd(p,q) ≥ 2 by Lemma B of (5.3d). Hence d p,q = d' p,q = 0 by the Proposition in (5.4c). It follows from the discussion at the beginning of (5.4) that dim X(p,q) = p(D−p) + 1 − q 2 if (p,q) does not appear in Table 1 
ae Proof of Proposition 4.1b
ae Proof of Proposition 4.1c
ae
Notation
We standardize some notation that will be used in the discussion and proofs of Propositions 4.2a, 4.2b and 4.2c. Let G(k,n) denote the Grassmann manifold of kdimensional subspaces of Â n . Let q = n−p and D = (1/2)q(q−1). Let U be the vector space so(q,Â) x ... x so(q,Â) (p times). Recall from section 1 that FN 2 (q) denotes the set of 2-step nilpotent Lie algebras that are free on q generators.
We first make some observations that will be useful for the proofs of Propositions 4.2a, 4.2b and 4.2c.
Lemma
Let n = p+q. Let ρ ∈ R 2 (p,q) ∩ Z 2 (p,q). Let W ∈ G(p,n) be a subspace such that Im(ρ) ⊆ W ⊆ Z(ρ), and let V be a q-dimensional subspace of Â n such V·W = Â 
2) Im(ρ) = W ⇔ {C 1 (ρ), ... C p (ρ)} are linearly independent in so(q,Â).
Proof of the lemma
2) Define a positive definite inner product < , > in so(q,Â) by < A, B > =
It is routine to verify that
Suppose first that the elements {C (O') let {z 1 ', ... , z p '} be the distinguished basis of W' = Z(ρ') constructed as above. Define C(ρ') = (C 1 (ρ'), ... , C p (ρ')) in F by the equations 2) If R : N(p,q) → G(p,n) denotes the map that sends ρ ∈ N(p,q) to Im ρ = Z(ρ)
(W) is bijectively equivalent to F for every W ∈ G(p,n).
3) N(p,q) with the quotient topology determined by R is a connected C ∞ manifold of dimension pq + pD. Moreover, N(p,q) is a fiber bundle over G(p,n) with fiber F.
The fiber F in this situation is the intersection of the fibers F that occur in Then X p and Y p are real algebraic varieties in U.
Proof
If n = dim V, then X p = Y n-p since rank ƒ(u) + nullity ƒ(u) = dim V. Hence it suffices to prove that X p is a real algebraic variety for each p. Fix a basis {v 1 , v 2 , ... v n } for V, and let p be an integer as above. Define 
Proposition 3
Let V be a real vector space of dimension q, and let G be a Lie subgroup of GL(V).
Let W be a finite dimensional G-module and let U be a G-submodule of Hom(V,W). For 1 ≤ k ≤ q−1 let U k = {u ∈ U : nullity(u) = k}. If U k is nonempty and G acts transitively on the Grassmann manifold G(k,V) , then U k is a smooth manifold and a fiber bundle over G(k,V).
Proof
We recall that if V and W are finite dimensional G-modules, then Hom(V,W) becomes a G-module under the action (gT)(v) = g(T(g
Fix an integer k with 1 ≤ k ≤ q−1 and suppose that G acts transitively on G(k,V).
follows that π(gu) = g(πu) for all g ∈ G and u ∈ U. Hence g(π Next we apply Proposition 3 in a way that is useful in section 6.
Proposition 4
Let U = so(q,Â) x ... x so(q,Â) (p times), where p ≥ 2 and q ≥ 3. For 0 ≤ k ≤ q−1
Ker (C i ) = k}. Then 1) For 1 ≤ k ≤ q−2 the set U k is a nonempty smooth manifold of dimension (1/2)(q−k){k(2−p) + p(q−1)} and is also a fiber bundle over G(k,q). Each manifold U k has codimension ≥ 2 in U. ) ∈ U for all g ∈ G, i.e. U is a G-submodule of Hom (V,W).
Ker (C i ). Fix an integer k with 1 ≤ k ≤ q−1. As we observed above, U k is nonempty, and by Proposition 3 in this appendix the set U k is a smooth manifold and a fiber bundle over G(k,V). Let π k : U k → G(k,V) be the projection given by π k (C) = Ker (C). To compute the dimension of U k it suffices to compute the dimension of a fiber of π k . 
We show that for each W ∈ G(k,V) the set O W o is a smooth manifold of dimension
We need to consider separately the cases that q−k is even or odd. 
, the same as in case 1.
The fact that U k has codimension ≥ 2 is proved below in 2). This completes the proof of 1).
2) Note that U o = U − Σ , where Σ = {C ∈ U : dim Ker C ≥ 1}. By the corollary to Proposition 1 of this appendix, Σ is an algebraic variety in U, and hence U o is a Zariski open subset of U.
To prove that U o is arc connected and that U − U o = Σ has codimension ≥ 2 it suffices to prove that each manifold U k has codimension ≥ 2 for 1 ≤ k ≤ q−2. By 1) we have dim U k = f(k), where f(x) = (1/2)(q−x){x(2−p) + p(q−1)} for 1 ≤ x ≤ q−2. Note that f'(x) < 0 on [1, q−2], and hence f(x) is strictly decreasing on [1, q−2]. We conclude that codim U k = dim U − f(k) ≥ dim U − f(1) = (p−1)(q−1) ≥ 2 since p ≥ 2 and q ≥ 3 by hypothesis. ae
Appendix 2 Free 2-step nilpotent Lie algebras and their quotients
In this appendix we present the omitted proofs of the results on free 2-step nilpotent Lie algebras stated in section 2.
Proof of Proposition 2.2a
1) We prove uniqueness first. Suppose that N and N* are free 2-step nilpotent Lie algebras on q generators, and let {x 1 , ... , x q } and {x 1 *, ... , x q *} be admissible generating sets for N and N* respectively. By definition there exist unique Lie algebra homomorphisms T : N → N* and T* : N* → N such that T(x i ) = x i * and T*(x i *) = x i for 1 ≤ i ≤ q. Then T*οT and TοT* are the identity maps on N and N* respectively since they fix all elements of the generating sets {x 1 , ... , x q } and {x 1 *, ... , x q *}.
We prove existence. Let q ≥ 2 be given and let D = (1/2)q(q−1). Let F 2 (q) = There exists a unique Lie algebra homomorphism T : F 2 (q) → F 2 (q) such that T(e i ) = ξ i for all i since F 2 (q) is a free 2-step nilpotent Lie algebra. The Lie algebra homomorphisms ρ' ο T and T ο ρ are equal since they have the same values on the set {e i : 1 ≤ i ≤ q} , which generates F 2 (q). The proof of 1) is complete. ^ (x j + Im ρ)) : 1 ≤ i < j ≤ q} is a linear spanning set for Im ρ with at most (1/2)q(q−1) linearly independent elements.
We conclude that n = q + dim Im ρ ≤ q + (1/2)q(q−1) = (1/2)q(q+1), with equality ⇔ ρ' : Λ 
